In this work the first demonstration of a high frequency branch of the geodesic acoustic mode (GAM) driven by electron temperature gradient (ETG) modes is presented.
I. INTRODUCTION
There has been overwhelming evidence that coherent structures such as vortices, streamers and zonal flows (m = n = 0, where m and n are the poloidal and toroidal modenumbers respectively) play a critical role in determining the overall transport in magnetically confined plasmas.
1,2 Some of these coherent structures, so called streamers, are radially elongated structures that cause intermittent, bursty events, which can mediate significant transport of heat and particles, for instance, imposing a large heat load on container walls. Zonal flows on the other hand may impede transport by shear decorrelation. The electron-temperature-gradient (ETG) mode driven by a combination of electron temperature gradients and field line curvature effects is a likely candidate for driving electron heat transport. [13] [14] [15] [16] [17] [18] The ETG driven electron heat transport is determined by short scale fluctuations that do not influence ion heat transport and is largely unaffected by the large scale flows stabilizing ion-temperature-gradient (ITG) modes.
In this work the first demonstration of a high frequency branch of the geodesic acoustic mode (GAM) driven by electron temperature gradient (ETG) modes is presented. We have utilized a fluid model for the ETG mode based on the Braghinskii equations with nonadiabatic ions including impurities and finite β -effects. 16, 17 A new saturation mechanism for ETG turbulence through the interaction with high frequency GAMs, balanced by Landau damping, is found, resulting in a significantly enhanced ETG turbulence saturation level compared to the mixing length estimate.
The remainder of the paper is organized as follows: In Section II the linear ETG mode including the ion impurity dynamics is presented. The linear high frequency GAM is presented and the non-linear effects are discussed in Section III, whereas the saturation mechanism for the ETG turbulence is treated in Section IV. The paper is concluded in Section VI.
II. THE LINEAR ELECTRON TEMPERATURE GRADIENT MODE
In this section we will describe the preliminaries of the electron-temperature-gradient (ETG) mode which is present under the following restrictions on real frequency and wave length:
Here Ω j are the respective cyclotron frequencies, ρ j the Larmor radii and c j = T j /m j the thermal velocities. The diamagnetic frequency is ω ⋆ ∼ k θ ρ e c e /L n , k ⊥ and k || are the perpendicular and the parallel wavevectors.
The ETG model consists of a combination of an ion and electron fluid dynamics coupled through the quasineutrality including finite β-effects.
16,17
A. Ion and impurity dynamics
In this section, we will start by describing the ion fluid dynamics in the ETG mode description, in the limit ω > k c e the ions are stationary along the mean magnetic field B (where B = B 0ê ) whereas in the limit k ⊥ c i >> ω, k ⊥ ρ i >> 1 the ions are unmagnetized.
We note that the adiabatic ion response follows from the perpendicular ion momentum equation by balancing the linear parts of,
and we findñ
In this paper we will use the non-adabatic responses in the limits ω < k
and Ω i < ω < Ω e are fulfilled for the ions and impurities. In the ETG mode description we can utilize the ion and impurity continuity and momentum equations of the form,
where j = i for ions and j = I for impurities. Now, we derive the non-adiabatic ion response with τ i = T e /T i and impurity response with with τ I = T e /T I , respectively. We have thus,
Here T j and n j are the mean temperature and density of species (j = e, i, I), whereñ i = δn/n i ,ñ I = δn I /n I andφ = eφ/T e are the normalized ion density, impurity density and potential fluctuations. We also define z ef f = z kñk / z kñk ≈ (ñ i + z 2ñ I )/n e . Next we present the electron dynamics and the linear dispersion relation.
B. The electron model
The electron dynamics for the toroidal ETG mode are governed by the continuity, parallel momentum and energy equations adapted from the Braghinskii's fluid equations. The electron equations are analogous to the ion fluid equations used for the toroidal ITG mode,
Here we used the definitions q e = −(5p e /2m e Ω e )e || × ∇T e as the diamagnetic heat flux, v E is the E × B drift, v ⋆e is the electron diamagnetic drift velocity, v P e is the polarization drift velocity, v π is the stress tensor drift velocity, and the derivative is defined as d/dt = ∂/∂t + ρ e c eê × ∇φ · ∇. A relation between the parallel current density and the parallel component of the vector potential (J ) can be found using Ampère's law,
Simplifying and linearizing Eqs. (6, 7 and 8) we find the evolution equations for the electron density and the electron temperature in normalized form,
The variables are normalized according to
Using the Poisson equation in combination with (5) we then find
First we will consider the linear dynamical equations (9, 10 and 11) and utilizing Eq. (7) in the same manner as in Refs 16 and 17 and we find a semi-local dispersion relation as follows,
In the following we will use the notation
De . Note that in the limit
and in the absence of impurity ions, Λ e ≈ 1 and the ions follow the Boltzmann relation in the standard ETG mode dynamics. Here λ De = T c /(4πn e e 2 ) is the Debye length, the Debye shielding effect is important for λ De /ρ e > 1 16 . The dispersion relation Eq. (16) is analogous to the toroidal ion-temperature-gradient mode dispersion relation ecept that the ion quantities are exchanged to their electron counterparts. In Eq. (16), the geometrical quantities will be determined using a semi-local analysis by assuming an approximate eigenfunction while averageing the geometry dependent quantities along the field line. The form of the eigenfunction is assumed to be 19 ,
In the dispersion relation we will replace k = k , k ⊥ = k ⊥ and ω D = ω D by the averages defined through the integrals,
Here α = βq
2 is the plasma β, q is the safety factor and s = rq ′ /q is the magnetic shear. The α-dependent term above (in Eq.
18) represents the effects of Shafranov shift.
III. MODELING HIGH FREQUENCY GEODESIC ACOUSTIC MODES
The Geodesic Acoustic Modes are the m = n = 0, k r = 0 perturbation of the potential field and the n = 0, m = 1, k r = 0 perturbation in the density, temperatures and the magnetic field perturbations. The high frequency GAM (q, Ω) induced by ETG modes (k, ω)
is prevailing under the conditions when the ETG mode real frequence satisfies (Ω e > ω > Ω i )
at the scale (k ⊥ ρ i < 1) and the real frequence of the GAM fulfills (Ω e > Ω > Ω i ) at the scale (q x < k x ).
A. Linear Geodesic Acoustic Modes
We start by deriving the linear electron GAM dispersion relation, by writing the m = 1 equations for the density, parallel component of the vector potential, temperature and the m = 0 of the electrostatic potential
(1)
∂ ∂tT
First we will derive the linear GAM frequency assuming electrostatic GAMs (β e → 0) this yields a relation between the parallel component of the vector potential and the density and electron perturbations using Eq. (24) as,
The m = 1 component of the electron density can be eliminated by taking a time derivative of Eq. (26) and using Eq. (23) and we get,
Here · · · is the average over the poloidal angle θ. In the simplest case this leads to the dispersion relation,
Note that the linear electron GAM is purely oscillating analogously to its ion counterpart.
In previous section we computed the linear dispersion relation for the GAM now we will study the non-linear contributions through a modulational instability analysis.
B. The Non-linearly Driven Geodesic Acoustic modes
We will now study the system including the non-linear terms and derive the electron GAM growth rate. The non-linear extension to the evolution equations presented previously in
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Eqs (9) - (11) are
In order to find the relevant equations for the electron GAM dynamics we consider the m = 1 component of Eqs (30) - (32) and we find,
eG +T
where superscript (1) over the fluctuating quantities denotes the m = 1 poloidal mode number and · · · is the average over the fast time and spatial scale of the ETG turbulence and that non-linear terms associated with parallel dynamics are small since 1 q 2 << 1. We now study the m = 0 potential perturbations,
We will now neglect the effects of Debye shielding and make use of quasi-neutrality in the plasma of the form (ñ i =ñ e =ñ) and subtracting Eq. (9) from Eq. (10) we find,
Here we have defined the non-linear term on the RHS as N 1 = ρ (10) and m = 0 of Eq. (11),
Similar to the operations performed to find the linear electron GAM frequency we eliminate the m = 1 component of the electron density by taking a time derivative of Eq. (40) this yields,
Note that this will be modified by the effects of the parallel current density (J || ) and the non-linear terms, however we see by inspection that on average the term N non-linearity may drive the GAM unstable.
We will use the wave kinetic equation 1, 6, 8, [20] [21] [22] [23] [24] [25] to describe the background short scale ETG turbulence for (Ω, q) < (ω, k), where the action density
, is the total energy in the ETG mode with mode number k where
|ω| 2 . In describing the large scale plasma flow dynamics it is assumed that there is a sufficient spectral gap between the small scale ETG turbulent fluctuations and the large scale GAM flow. The electrostatic potential is represented as a sum of fluctuating and mean quantities
where Φ(X, T ) is the mean flow potential. The coordinates (X, T ), (x, t) are the spatial and time coordinates for the mean flows and small scale fluctuations, respectively. The wave kinetic equation can be written as,
We will solve Equation (43) by assuming a small perturbation (δN k ) driven by a slow variation for the GAM compared to the mean (N k0 ) such that N k = N k0 + δN k . The relevant non-linear terms can be approximated in the following form 16 ,
For all GAMs we have q x > q y , with the following relation between δN k and ∂N k0 /∂k x ,
where we have used 
In order to find the non-linear growth rate of the electron GAM we need to find relations between the variables n (1)
G and φ
Using Eqs. (50) and (51) 
and we finally find
Eq. (53) is the sought dispersion relation for the electron GAM and we solve it pertubatively by assuming Ω = Ω 0 + Ω 1 where Ω 0 is the solution to the linear part c.f. Eq. (29). Now we find the perturbation Ω 1 = iγ q which will determine the growth rate of the GAM as,
In the last expression we have assumed that the GAM frequency (Ω 0 ) can be approximated
by Ω 0 ≈ 2c e /R, i.e. the linear GAM is purely oscillatory as found in Eq. (29). The nonlinearly driven electron GAM is unstable with a growth rate depending on the saturation level |φ 2 k | of the ETG mode turbulence.
IV. SATURATION MECHANISM
In this section we will estimate a new saturation level for the ETG turbulent electrostatic potential (φ k ) by using the Landau damping in competition with the non-linear growth rate of the GAM in a constant background of ETG mode turbulence, according to the well known predator-prey models used 26 , c.f. Eq. (4) in Ref (5) and as well as Ref. (7),
Here we have represented the ETG mode turbulence as 
Note that this saturation level is significantly enhanced compared to the mixing length estimate,
Here in this estimation we have used L n = 0.05, q = 3.0, R = 4, ǫ n = 0.025, q x ρ e = k y ρ e = 0.3 and η e −η eth ∼ 1. Note that the result found using a mixing length estimate is 
V. CONCLUSION
In this paper we have presented the first derivation of a high frequency branch of the Geodesic Acoustic Mode (GAM). The linear dispersion relation of the high frequency GAM
showed that the new branch is purely oscillatory with a frequency Ω ∼ ce R
. To estimate the GAM growth rate, a non-linear treatment based on the wave-kinetic approach was applied.
The resulting non-linear dispersion relation showed that the high frequency GAM is excited in the presence of ETG modes with a growth rate depending on the fluctuation level of the ETG mode turbulence. An analytical expression for the resulting GAM growth rate was obtained. To estimate the ETG mode fluctuation level and GAM growth, a predatorprey model was used to describe the coupling between the GAMs and small scale ETG turbulence. The stationary point of the coupled system implies that the ETG turbulent saturation level φ k can be drastically enhanced by a new saturation mechanism, stemming from a balance between the Landau damping and the GAM growth rate. This may result in highly elevated particle and electron heat transport, relevant for the edge pedestal region of H-mode plasmas.
The present work was based on a fluid description of ETG mode turbulence, including finite beta electromagnetic effects and retaining non-adiabatic ions. A more accurate treatment based on quasi-linear and nonlinear gyrokinetic simulations is left for future work.
